
ThHomeladbe
folds

their intersection forms are isomorphic
QI

then

7) (Whitehead,Milnor) ↑-

they are homotopy equivalent
②
E> Wall)

the are h-cobordant

Proof ofD :

(E) is clear (sup product is a homotopy invariant)

(7) consider thehomotopy type of Xo=X-BY

note & 1 = 0

SHilXojz) =
OrE 2 : 2

O 1 = 1 . 0r33

Since(d) = (e)

Hurwitzthz(X = Hz(X)=
so there is a continuous map

f : S
&

v
...
rs -> M

-
u

that inclues an isomorphism on The

- fa : Hx(Sv ...v5 -> Hx(X) an isomorphism

Since Sr ..vs simply connected the Whitehead theorem
impliesf a homotopy equivalence if X. A

CW complex; but handle str. on Xo gives us

this (this is true for top. mfds too but



need to know X. has hipy type of CW complex)
now X is obtained from to by attaching a 4-cell

: X is homotopy equivalent to Siv ...rs" with a

4-cell attached by some map

gis -> S---vs
>

and the homotopy class of X is determined by
the homotopy class of g 1.2 an elt of t (Sv... rs")

3

to the homotopy class [g] we can associate a

symmetric matrix Aggy satisfying
O Agy is isomorphic to the intersection

matrix of X

② there is a one-to-one correspondence
Pontragin -Thom

between symmetricrxr matriciesconstruction
and elements of Ttylsus'

~

given this the homotopy type of X as determined

by its intersection form !

choose apoint pion each s in Shv ...
vSh (distinct from wedgeput

homotop g to be transverse to the pi
let Ki =

g"(pi)te : by orienting the S2's and $3 these
are oriented links

exercise : each K; has a framing
↓it : a basis e.e of Tp,5gives the

trivialization of U (K .i)

we now get a linking matrix for K
,

U
... Ukr which

we denote Ag
he mij = 1k(K

, Kj) for It;
my = framing of 1i



we say
2 framed links UK; and UK, are framed cobordant

it Ja surface US
.

< [0
. 1) x& with framing such that

US 1503x3 = Ke and

US
,
1303x53 = K,

and framing on Sp restrict to those on S& S:

Exercise:

1) If UK; framed cobordant to UK, then
their linking matricies are isomorphic

2) If g is homotopic tog' then Ag is

isomorphic to Agi

so there is a well-defined Agg]
3) we can homotop g so thateach

Ki is connected
Proofof D :

for each Ki let It be a surface in BY with boundary Ki

in X = (5v ... -S2) - BY
,
let In = Fibe

,

be a

closed surface (noteg([) =pi)

exercise : the [j generate Hz(X)

from construction it is easy to see the

intersection matrix for * is Eg
Proofof :

from above there is a well-definedmap

#(52v ... vs) -> Ssymmetric matrices

first we see this map is outo :

given A,
let K,... Vir be a framed link ins

whose linking matrix is A



each Ki has a nbhd Ki*D" with the

product structure coming from
the framing

we can map

KiXD2-> D2-> 15 st center

point ofDgoes
to Pi and G D2goes
to wedge point

-
⑭

we nowget go : 3-> Sir ...
us

by sending S3-U(KixD2) to wedge point/

clearly gilpi) = K
,

0-- Ukr go the

map is onto

now suppose go. g
: 33-Sv ...rs" give the same

matrix A technically they are just isomorphic,
we assume they are the same and leave

general case as an exercise

exercise : given the framed link hi from

g;
showgi can be homotoped

so it came from the construction
above

so the linksLo and 'C have the same linking matrix

any 2 knots in $3 are cobordant so we can pair

up a component ofCo with a component
of L

, so the linking data preserved
now let S

.... So be surfaces embedded in

20. 17 x53 giving a cobordism between



paired components

exercise : the Si's might intersect

but their algebraic intersection is 0

so points in SjtS; pair up now alte Si
as follows

--
now S, U...uSr is embedded

since the framings on GS% agree we can frame

Si using this framing
we can now build a map H : S3 x [0. 1]+S ...

rs

as above

andIt will be a homotopy from go to g ,
latter g: modified as in excuse
above) ⑰

we need a few preliminary ideas before proving part&
of the theorem

if X is an oriented manifold of dimension =3 Then

a spin structure on X is a trivialization of iX on

the 1-skeleton of X that extends to the 2-skeleton
of X

exercise :

you can think of an orientation of X as a

trivialization of TX on the O-sheleton that extends

over the 1-sheleton



so a spiri str. is kind of a "stronger orientation"

Remark : If X is orientable then the 1 Steifel-Whitney
class vanishes: (TX) = 0

one can show an orintable manifold

X is spinE) W(TX) =0

Fact : 1) If a 4-manifold X is spin,
then its intersection

form is even

IfTX = 113
,
then X is spir) its intersection

form is even

2) if X" is spin and O(X) = 0 Then X bounds

a spin 5-manifoldW

3) a 5D2-handle is determined by its attaching s
and a framing : T

,
(SO(3)) = /2

attaching a 2-handle to B5= 4: result in a D"-bundle

over S(just like we saw in 4D)

with one framing you get SxD
with the other youget SXD3 (the uniquenon-trivial

bundle)
their boundaries are 57528: orS's

IfW not spir, then attaching a I-handle with either

traming gives the same thing
(the idea is you can push attaching sphere over

an odd homology class to change its framing)
4) If W is a spin 5-manifold and W=Wok-handle

then W is spin if RF2 or R = 1 and we have

the "trivial" framing



Proof of Th * 11 Q :

(E) clear

() We begin by considering X a spin manifold and X

homotopy equivalent to X (and hence spin)
o/Xu -X) = o() + o)x) = o(x) - o(x) = 0

so there is a spin 5-manifold WS.
t
.
GW= ·XuX

i
.
e
.

W a cobordism from X' to X

we need to turn W into an h-cobordism recall this means

(w)= 11) and

1 : X W
,
i : x+W are htpy, equix.
↳> same as Hx(W, x) = 0

we knowW has a handlebody structure :

(20 . 1) x X) v(-h) s (2 - n)sv(-4)svt-u)S

from Section #

consider a
l-handle

Its attaching sphere can be isotoped into a ball

in 213xX boundary sum

↓
exese (0. 1] x x/v(-u) = ((0. 1]xx)45'yB4-

so the upper boundary of (0 . 1)xX)v4) is X # S*S

If we attach a 3-handle to [0.1xX' We also get a

abordism with upper boundary X#SxS

12
. ([0. 1) x X)v3 = /[0.D xx)G33xD2

: we can replace all Ihandles with 3-handles
to getanother cobordism from X' to X

Istill call it w)



we can similarly replace 4-handles with 2-handles
(just turn W upside down)

so we can assume W is

(20, 1]xX)v(z-h)sv)-4)s

Since X is simply connected we can assume all

the attaching spheres for 2-handles are unk not

in balls in S13xX

and sinceW spin, framings are trivial so

2. We = X ESS" where K : #2-handles
↑ (0 .1]XX) 02-handles

of course, upsidedown we see

& E = X # 545 where 1= #3- handles

Since (i) = Gh we see k=l

ThE 12 (Wall) :

if X.
X' are homotopy equivalent, simply connected
4-manifolds

,
then there is some R such that

X# 5x5 is differmorphic toXSSR
L
Proof : we justproved this for X spin, the general
case will be shown below

Major Open Question : in theorem above can you

always take k= 1

(you can in all known examples



- closure
-

let W= W'oW" where WW and W= W - Wh

118
.

We cut W along X'#mS
*

+54)

so there is a diffeomorphism f : #S ***-X***S
K

such that W = W'Ofh"
we would like to find a differ

.

h : X# ***
*
->X SxS2

R

such that in W'UnofWil the 3-handles

homologically cancel the 2-handles

if we can do this
,
then E = W'Vgoth" will

be simply connected and Hx(W , x) = 0

so i is the desired h-cobordism !

for this we need

Th13/Wall) :

let X be a smooth
, simply connected, closed

4-manifold with an indefinite intersection form

Then any automorphism of the intersection
form

of X#3x5 can be realized by a diffeomorphism&
now we can add an extra 32x52 to G We it needed to apply

this theorem by adding a cancellin 213-pair

since the cocores ( .... in of the I-handles can form part of

a basis for the Sixs"part of He (X# S
*xS]

let Ci... In be the elements (e. ( = Sii)
note : we need the attaching spheres of 3-handles to

to homologically map to c, to kill homology



similarly let a
. .... an be the attaching spheres of the

3-handles

there is an automorphism

↑ He (#5x54- Hi Eys2)

taking the gi to c

let P : Hz(X) -> He (X) be the isomorphism induced by

the homotopy equivalence

we would like a differ .
h : X#45x5->X#* 5 x5

St( %f) = 4 * 4.

to this end consider (40410f
this is an automorphism of Hz(X# SxS so by Th *13

- anh realizing it and we are done !

now if X
,
X' are not spir the we are stilldone if &We=X*5

but from above we know it must be X*******

and soice X is not-spir this is differ to X#*the XS
and we are done #

Proof of Th * 13 :

let's begin by constructing some diffeomorphisms
of 4-manifolds



we start by assuming X has no I or 3-handles

recall if we isotop the attaching regions of the
2-handles we get diffeomorphic manifolds

but if we isotop untill the handles return to

their originalposition ,
thenweget a

diffeomorphism of a fixed manifold

recall in 2D
-

D
on homology we see

Dehntrist !
we now consider the 4D case



homology class
Ki

of K is a By
J

K
,

is a S

/slide Ki
· is
- x Y
lemma 10 shows

-00 how to slide K
,Ki algebraically K, slides"a overy to unlink over y 1k (K,

K
,
)

blue
times to un link

x Y
and K slides over y

X+ X + a n times
all others fixed

if n is even then we can slide the left blue over y time

to get to 0 framing and back to the original
Kirby diagram:weget a differ. of X and

on homology X ++ X+ a - En

Y +- Y
a+ a -

ny
a

,
+> 9 - 1k(k,

k
1)y

If n is odd then we can go through the above isotopy
again ,

but now the framing on "X" is n+ 1 after the slide

so we will get back to the original diagram

now the differ acts on homology by
X+ x+ a - n

Y +- Y
a+ a - 2n

a
,

+> 9 - 2(k(K,
k

1)y intersectionone

Wall proved that any automorphism of (H2(X) , Qx)

is a composition of such maps
:-F a differ inducing it



now if X has low 3-handles
,

we can perform handle

slides (like we did in the h-cobordism thA)

to do column operations on the maps

C(x) = G(x)75(, (x) ICW chain

groups)
untill they are of the form I and

(708) respectively
then do above on classes representing elts

in Ker G2/i Do #


